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Each differential operator in this series acts on every term to the right of it. The inverse of the scaling

operator is then

(Sk)−1 = S1/k = exp

(

− log k × q
∂

∂q

)

. (1.38)

Now, given g(k, f ), we can write f (q) formally as

f (q) = S1/kg(k, f (q)). (1.39)

Although this is not a convenient formulation for explicit computation of f (q), it opens the possibility

for further analysis of the general comparametric problem using the machinery of the well-known

operators arising in quantum field theory. Because Eq. (1.39) holds for any value of k, we can take k

close to 1 (ie, k = 1+ ǫ for ǫ ≈ 0) and we see that

f (q) = exp

(

− log(1+ ǫ) q
∂

∂q

)

g(1 + ǫ, f ). (1.40)

If we expand this in ǫ up to first order, noting that higher-order terms vanish, we find

f (q) =
(

1− ǫ q
∂

∂q

)(

g(1, f )+ ǫ
∂g(k, f )

∂k

)
∣

∣

∣

∣

k=1

. (1.41)

Using the identity f = g(1, f ), we end up with an ordinary differential equation,

df

dq
= 1

q

∂g(k, f )

∂k

∣

∣

∣

∣

k=1

, (1.42)

from which we can obtain f (q). This equation is always separable, and the solution family always

contains at least one valid solution when g(f ) is monotonic and smooth. This analytical form provides

the benefit that any arbitrary camera response function can be solved exactly, and that the behavior of

noise terms can be modeled as shown in Section 1.8.

1.7.3 SOLUTION BY ORDINARY DIFFERENTIAL EQUATION

The machinery of the previous section allows us to proceed directly, merely using the result as a

recipe to solve any given analytical comparametric equations. To begin, we examine the comparametric

equation given by

f (kq) = g(k, f (q)). (1.43)

Consider two cases. In the first case, the function f is known. Then g is easily found. For example,

consider the classical model

f (q) = α + β qγ . (1.44)

Then,

f (kq) = α + β kγ qγ . (1.45)




